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Introduction 

Let us denote by it the variety of lines in P'^ meeting a fixed line, it is a grassmannian 
(and hence minuscule) Schubert variety. In |P2j we described the irreducible components of the 
scheme of morphisms from to *t and the general morphism of these irreducible components. 

In this text we study the scheme of morphisms from P^ to any minuscule Schubert variety 
X. Let us recall that we studied in |Plj the scheme of morphisms from P^ to any homogeous 
variety. The main idea, in the case of a minuscule Schubert variety X, is to restrict ourselves to 
the dense orbit under the stabilisator Stab(X) of X and apply the results of jPlj . 

More precisely, let U be the dense orbit under Stab(X) in X and let Y be the complementary. 
Because X is a minuscule Schubert variety the closed subset y of X is of codimension at least 
2 (see paragraph 12.2(1 . This fact and the stratification of X by Schubert subvarieties gives us a 
surjective morphism (see paragraph^: 

s : Pic(C/)^ ^ Ai(X). 

For any class a S Ai{X), we can consider the following morphism: 

i : ]J Hom/3(P^^7) ^ Hom„(P\X) 

s{f3)=a 

where Homa(P^,X) is the scheme of morhisms / : P^ ^ X with /*[P^] = a and Hom^(P^, U) 
is the scheme of morhisms g : —>■ U such that [g] = (3 where [g] is the linear function 
L I— > deg{g*L) on Pic(U). As Y = X \ U lies in codimension 2, we expect the image of this 
morphism to be dense (this is the crucial point of the proof). This condition means that any 
morphism ¥^ ^ X can be deformed such that the image of this deformation does not meet 
Y. If the morphism i defined above is dominant, we may apply the results of Pi to prove 
that Hom^(P^, U) is irreducible as soon as it is non empty and the images of these irreducible 
Hom^(P^, U) will give the irreducible components of tloma{¥^,X). 

Let us denote by ne(a) the subset of Pic([/)'^ given elements P such that s(/3) = a and 
Hom^(P^,C/) is non empty (see paragraph ^ for a more precise definition in terms of roots). 
We prove the 

Theorem O.l. — The irreducible components of the scheme of morphisms Homa(P^,X) 
are indexed by ne(a). 
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Here is an outline of the paper. In the first paragraph we define the surjective map s of 
the introduction and the set ne(a) for X any Schubert variety and a S Ai{X). In the second 
paragraph we recall the definition of a minuscule Schubert variety and its properties. We also 
prove a positivity result on roots we will need later. In the third paragraph we recall the 
construction of the Bott-Samelson resolution tt : X ^ X of a Schubert variety X and describe 
some cycles on X. In the fourth paragraph, we construct some big families of curves on X 
contracted by vr. In the fifth paragraph we study the scheme of morphisms Hom5(P^,X) and 
prove some smoothing results with the curves contructed in the fourth paragraph. In the last 
paragraph we prove our main result. 

The key point as indicated above is to prove that the map i is dominant that is to say that 
any morphism f -.F^ ^ X can be factorised in U (modulo deformation) . We prove this by lifting 
f in f on X. It is now sufficent to prove that the lifted curve / of a general curve / does not 
meet the divisors contracted by vr. If / does meet a contracted divisor D then we add a "line" 
L C D with L ■ D = —1 constructed in the fourth paragraph and smooth the union /(P^) U L. 
The intersection with D is lowered by one in the operation. We conclude by induction on the 
number of intersection of / with the contracted divisors. 

Remark 0.2. — (i) The variety <t can also be seen as a cone over a smooth 2- dimensional 
quadric embedded in P'^. We treat more generaly the case of a cone X over an homogeneous 
variety in the forthcoming paper ]P^ - In this situation we can also define for a ^ Ai {X) a class 
ne(a) as previously hut the irreducible components o/ Homa(P^, X) are not always indexed by 
ne(Q). It is the case if and only if the projectivised tangent cone of the singularity (here the 
embbeded homogeneous variety) contains lines. 

(ii) This condition on the existence of lines in the projectivised tangent cone of the singularity 
also appears for more general Schubert varieties. 

(m) In \BP\l . M. Brion and P. Polo proved that the singularities of minuscule Schubert 
varieties are locally isomorphic to cones over homogeneous varieties. With the results of IPf^ 
this implies that the key problem of factorising morphisms trough U is locally true. Unfortunatly 
it is not obvious to prove the global results thanks to this local property. It is nevertheless a good 
guide for intuition and we solve here the global problem using Bott-Samelson resolutions. 

1 Preliminary 

In this paragraph we explain the results on cycles used in the introduction. We describe the 
surjective morphism s : Pic(C/)^ — > ^i(^) and define the set of classes ne(a) for a G Ai{X). 

Let X be a scheme of dimension n. Denote by Z^{X) the group of 1-cycles on X and by 
Z~{X) and Zl{X) the subgroups of cycles trivial for the numerical and rational equivalence. Let 
us denote by N^{X) and the corresponding quotients. The Picard group is the image in 

An-i{X) of the subgroup of Cartier divisors in Zn-i{X) and we denote by N^{X) the quotient 
of Pic(X) by numerical equivalence. 
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Lemma l.l. — Let X C G/ P he a Schubert variety (G a Lie group and P a parabolic subgroup 
ofG). Then one has 

(i) Pic(X) NHX), 

(ii) Ai{X)c^Ni{X). 

Ln particular we have Ai{X) ~ Pic(X)^. 

Proof, (i) Thanks to the results of |FMcPS^ the groups A^{X) are free generated by 
Schubert subvarieties and furthermore rational and algebraic equivalence are the same. So on 
the one hand, the Picard group is contained in and is in particular free. 

On the other hand, thanks to |Fuj Example 19.3.3, we know that a Cartier divisor D is 
numerically trivial if for some m € N we have mD is algebraically trivial. This implies for 
Schubert varieties that mD is rationaly trivial and because Pic(X) is torsion free D is trivial in 
Pic(X). This implies that Pic(X) ~ N'^{X). 

(ii) The results of |FMcPS5] also imply that Ai{X) is generated by the one-dimensional 
Schubert varieties in X. But on G/P there is a duality between the Picard group and one 
dimensional Schubert varieties. In praticular for any one dimensional Schubert variety Z there 
is a line bundle Lz such that Lz ■ Z = 1 and Lz is trivial on any other one dimensional Schubert 
variety. If the C X are the one dimensional Schubert varieties in X then the restrictions of 
the Lzi to X form a dual family to the Zi. In particular the Zi are numerically independent. 
As they form a basis of Ai{X) we have Ai{X) ~ Ni{X). 

The duality comes from general duality between Ni{X) and N^{X). □ 

Let U be the smooth locus of X. If X is minuscule (see definition in paragraph ^ this 
smooth locus U is the dense orbit under Stab(X) in X (see |BPp ). Let Y be the complementary 
of [/ in X. Because X is a normal variety the closed subset Y is of codimension at least 2, this 
in particular implies that Pic(C/) = An-i{U) ~ A„_i(X). We now have the following inclusion: 

Pic(X) C^n-i(^) ^Pic(f/) 

giving the surjection 

s : PiciUy Ai{X). 
With these notations we make the following: 

Definition 1.2. — Let X be any Schubert variety and let a G Ai{X). We define the set 
nt{a) C An-i{Xy . 

Let us make the identification An~i{X) ~ Pic(f/). The elements of nt{a) are the elements 

(3 € Y'\c{UY such that s{(3) = a and there exists a curve G CU with [G] = (3 as a linear form 

on Pic(C/) (13 is effective). 

^We do not need the results of [BP| to define ne(Q:), see theorem 16.71 but it is more simple with this fact on 
the singular locus. 
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In the case of minuscule Schubert variety X C G/P we describe ne(a) more precisely: the 
smooth part U is the dense orbit under StabX. Let R be the levi subgroup of Stab(X), the 
orbit U is of the form QP/P ^ Q/Q Ci P where Q = Stab(X) is a parabolic subgroup of G. We 
proved in |Plj proposition 5 that this orbit is a tower of affine bundles over the homogeneous 
variety R/R fl P. In particular Pic([/) ~ Pic{R/R PI P) is given in terms of weights with a 
particular weight given by the generator of Pic{X). Furthermore we proved in iPl, that the 
elements P G Pic(i?/i? H P)^ are effective if they are in the dual cone of the cone of effective 
divisor, in other words they correpond to positive roots. 

Example 1.3. — If X is a grassmannian Schubert variety given by a partition A, consider the 
associated Young diagram (see for example f-Moj /). Then the Picard group Pic([/) is free and has 
as many generators (Lj)jg[x,r] the numbers of holes. The generator L of Pic{X) is given by 

iG[l,r] 

If a £ ^liX) is such that a ■ L = d then ne(a) is given by the r-tuples (&i)ie[i,r] of non negative 
integers such that 

The number of irreducible components is C^^^ "'^) • 

Remark 1.4. — The scheme lioma{F^,X) is the scheme of morphisms from to X of class 
a (for more details see IGr^ and IMc^ ). 

In general, this will just mean that a G Ai{X) and that /*[P^] = a but sometimes (in 
particular in the introduction for the open part U) we consider a G Pic(X)'^ and the class of a 
morphism f —i- X will be the linear form Pic(X) —i- TL given by deg(/*L). 

In the case of a minuscule Schubert variety X the two notion coincide because of the previous 
lemma. 

In the case of the open part U of a minuscule Schubert variety X, these scheme are connected 
components of the scheme of morphisms with a fixed 1-cycle class. 

2 Minuscule Schubert varieties 
2.1 Definitions 

In this paragraph we recall the notion of minuscule weight and study the related homogeneous 
and Schubert varieties. Our basic reference will be |LMSj . 

Let G be a semi-simple algebraic group, fix T a maximal torus and B a Borel subgroup 
containing T. Let us denote by A the set of all roots, by A^" (resp. A^) the set of positive 
(resp. negative) roots, by S the set of simple roots associated to the data (G, T, B) and by W the 
associated Weyl group. If P is a parabolic subgroup containing B we note Wp the subgroup of 
W corresponding to P. Let us finally denote by B the opposite Borel subgroup (corresponding 
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to the negative roots) and by i the Weyl involution on simple roots. This involution sends a 
simple root /? on —wo{(3) and is also defined on fundamental weights. 

Definition 2.1. — Let w he a fundamental weight, 

(i) we say that vo is minuscule if we have {a^ ,w) < 1 for all positive root a G A"*"; 

(ii) we say that w is cominuscule if {a^,w) = 1 where is the longuest root. 

With the notation of N. Bourbaki |Boj . the minuscule and cominuscule weights are: 



lype 


minuscule 


cominuscule 




Wi - ■ - Wn 


same weights 


Bn 


Wn 


W\ 


Cn 


Wl 


Wn 


Dn 


Wi, Wn-1 and Wn 


same weights 


Eq 


Wl and wq 


same weights 


Ej 


W-j 


same weight 


Es 


none 


none 


Fi 


none 


none 


G2 


none 


none 



Remark 2.2. — The Weyl involution i acts on minuscule and on cominuscule weights. 

Definition 2.3. — Let w be a minuscule weight and let be the associated parabolic 
subgroup. The homogeneous variety G/P^ is then said to be minuscule. The Schubert varieties 
of a minuscule homogeneous variety are called minuscule Schubert varieties. 

Remark 2.4. — To study minuscule homogeneous varieties and their Schubert varieties, it is 
sufficent to restrict ourselves to simply-laced groups. 

In fact the variety G/P^^j^ with G = Spin2„_|_i is isomorphic to the variety G' jP'^^^.^ with 
G' = Spin2„_|_2 and there is a one to one correspondence between Schubert varieties thanks to 
this isomorphism. The same situation occurs with G/P-^j^, G = Sp2„ and G' jP'^^, G' = SL2n- 

2.2 Divisors on minuscule Schubert varieties 

In this paragraph we describe the divisors on minuscule Schubert varieties. For proofs and more 
details see |LMS]- 

Definition 2.5. — Let (j) e W/Wp^ and let X{(j)) the associated Schubert variety. A 
Schubert divisor X{s 13(f)) in X{(f)) defined by a simple root [3 is called a moving divisor. All other 
Schubert divisor are said to be stationary. 

Remark 2.6. — The term "moving divisor" comes from the fact that the Schubert variety 
X(4>) is stable under the action ofU-p whereas X{s/3(p) is moved by U-p in Xicj)) (see ILMSjl ). 
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We have the following proposition ( |LWj Lemma 1.14): 

Proposition 2.7. — With the notation of the definition \2. 51 then X{sp(f)) is a moving divisor 
in X^cp) if and only if (f> has a reduced expression starting with Sj^. 

We now have the following theorem (^_K, , Th. 1 or |LMSj Th. 3.10) which describes the 
divisors of a minuscule Schubert variety: 

Theorem 2.8. — Let X he a minuscule Schubert variety, then every Schubert divisor in X 
is a moving divisor. 

Remark 2.9. — (i) This theorem is equivalent to the fact that weak and strong Bruhat orders 
coincide on minuscule Schubert varieties. 

(ii) Let U be the dense orbit in X under the action of stabilisator Stab(X) C G. Let Y be 
the complementary of U in X. A consequence of this theorem is that Y is in codimension at 
least 2. 

2.3 A positivity result 

Let (7i)i6[i,n] be a sequence of simple roots and define (j) = s^^ - ■ ■ s^^. We suppose in addition 
that /((/)) = n. Set /3j = i{'yi) and let us define a sequence of roots (ai)ie[i,n] by 

ai = Pi, 02 = S/3i(/?2), • • • , On = • • • S/3„_i(/3n)- 

Remark that this construction is symetric in the sense that if the (oj)ig[i,ra] are given we can 
recover the (/3i)jg[i^„] by the formulae 

Pi = «!, P2 = Sai(a2), • • • , Pn = Sai - ■■ Sa„_i(an)- 

Remark 2.10. — We use these notations to fit with those of the Bott-Samelson resolution. 

Proposition 2.11. — Let w be a minuscule weight. Suppose that (f) is the smallest element 
in the class (j) E W/Wp^. Then for all {i,j) G [1,"^] we have 

{a^,aj) > 0. 

Proof. Let us define the sequence (/3i)jg[i,ra] of simple roots as beeing the sequence (/?i)ie[i,n] 
with reversed order, that is to say Pi = Pn+i-i. With this sequence we can construct a sequence 

(ai)iG[i,n] by 

5i = Pi, 02 = ■s^,(/32), • • • , a„ = s^^ • • • s^^_^{Pn)- 
Lemma 2.12. — For all i G [l,n], we have 

{ai,aj) = (a^_|.i_j,a„+i_j) . 
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Proof, we have 

where we apphed s^-^ - ■ ■ Sfs^ to get the last equahty. But we have 

{s0i ■ ■ ■ Sft(A)^: ■ • • S/3,(/3i)> = ■ • • S0^_^{-Piy, s/3i • ■ ■ S0^_^{-Pj)) = {a^,aj) . □ 

It is thus enough to prove the result on the sequence (5!i)jg[i „]. As cj) is the smallest element 
in (f>, the reduced expression = s-y^ • • • = s.^ y ■ ■ s^^^^^ in W is still reduced in W/Wp^. 
Let us prove the following lemma: 

Lemma 2.13. — Let (5 the only simple root such that {P^,i{w)) = 1. For all i G [1,^], the 
roots (Xi are such that 

5i > 13. 

Proof. Because the expression (f) = s.^ y ■ ■ s-0_^^ is reduced in W/Wp^, we have for all 

i G [l,n] 

Remark that this (and in fact the whole lemma) is valid for any fundamental weight va (the 
minuscule hypothesis implies more precisely that this bracket has to be —1). Let us calculate 

{a^+i,-iiw)) = l^s^y ■ ■ s~^,(i3i+iY ,-i{w)^ = (p^j^-^^, s^y ■ ■ s^^{-i{w))y 

= [m+lY, S.0^^ ■ ■ ■ S^(^^)(-tZ7)) < 0. 

that is to say (^ay_^_^,i{w)^ > 0. Writing Oj+i in terms of simple roots, we see that the coefficient 
of P has to be strictly positive (in fact it has to be one because w is cominuscule) . This exactly 
means that Oj+i > /3. □ 

It is now an easy check on the tables of |Boj to see that for these roots and a minuscule 
weight Tu we always have 

(5,^,5,->>0. □ 

Corollary 2.14. — With the above notations and the remark of lemma \2.1iA the fact 
that the expression (f) = Si(^p^y ■ ■ sn^p^-^ is reduced implies that (i(/3„), — -oj) < or equivalently 
(/?„,z(ri7)) > 0. This is possible if and only if Pn = P- 

Let k £ [l,n], if there exists an i < /c such that (3i = f3k (resp. if there exists an i > A; such 
that Pi = (3k) we will denote by p{k) (resp. n{k)) the biggest (resp. smallest) integer i G [1, A; — 1] 
(resp. i £ [k + l,n]) such that Pi = Pk- 
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Corollary 2.15. — Let j such that (3j = (5. 

(i) We have {a'^,aj) = if for all k e [i + {(3^, (3k) = 0. 

(ii) Otherwise we have {a^,aj) = 1 if i > p{j) or if i < p{j) and for all k £ [i + 
{Pi , (3k) = 0. In all other cases we have {a^ ,aj) = 0. 

Proof. We have seen that {a(,aj) = (5!^^_;^_j, 5„+i_j) and composing with s^^ ■ ■ ■ 
we can assume that n + 1 — j = 1 (ie j = n). We thus have to calculate (a^+^.j, 5i) = 
{(3i ,an+i~i) = (/?^,5„+i_i) (we use here the fact that R = R"^ and the fact that Pj = /?). We 
first have to prove that (/?^,a„+i_j) = if for all G + 1 — i], /?fc) = 0. 

And otherwise we have to prove that 5„,+i_i) = lifn + l — i< n{l) or if n + 1 — i > 
n(l) and for all k € [n(l),n + 1 — i], = and that in all other cases we have 

(/3V,5„+i_i) =0. 

(i) In this case, it is easy to see that On+i-i = (in+i-i and we have the vanishing. 

(n) Let us define a = • • • {(3n+i-i)- We have a.n+i-i = (a) = snia). And recall 

P2 Pn—i Pi 

that the simple root /5 always appears in On+i-i f lemma l2.13() with multiplicity 1 (because w 
is a cominuscule weight). 

In the first case, we see that the simple root (3 does not appear in a. But we have On+i-i = 
sp{a) = a - (/3^,a) (3 thus (/3^,a) = -1. 

In the second case, applying lemma [2. 131 to the sequence n(l), • • • , n + 1 — z we see that the 
simple root (3 appears in • • • ((3n+i~i) with multiplicity 1. As (3 does not appear in 

Pn{l) Pn — i 

(32, ■ ■ ■ ,/3n(i)-ii see that (3 appears in a with multiplicity 1. But we have oin+i-i = sp{a) = 
a - {(3"^, a) (3 thus {(3'^ ,a) =0. 

We conclude because (/3^,a„4-i_i) = {(3"^ ,sp{a)) = — □ 

Remark 2.16. — The formula of corollaru \2. 1 ,5l is more simple if we use commutation relation 
beetween the simple root Pk- j such that (3j = (3, then we have {a'^,aj) = if modulo 
commutation we can exchange Sf^. and sp.. If not we also have {a^,aj) = if i < p{j) and we 
can not commute sp. and sp^^^-y 

Let us prove the following: 

Corollary 2.17. — We have the formula 



'■I 1 

k=i+l, I3k=l3 



1 ^f^3^^P 
^f(3^ = P 



Proof. We apply the previous corollary. We know that (3n = (3 and we can not commute 
sp. and sp^ (otherwise the expression would not be reduced). Let j be the smallest integer 
/c G [i + 1, n] such that (3k = (3 and we can not commute S/3- and 

We have (a^, a^) = for all fc € [i + 1, n] with Pk = P and k ^ j. For k = j, we have 



{ai,ak) 



1 tfPi^P 

tfPi=p ' ° 



As is the proposition 12. 1 1| it is easy to check on the tables of jBo! the following 
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Fact 2.18. — If w is minuscule and (aj)jg[i^„] as above, then for all i and j in [1,^], one 
has {a- ,aj) < 2 with equality if and only if Ui = aj . 

Let us prove the following corollary that we will need later: 

Corollary 2.19. — Let i, x and j in [l,n]. If {a^,ax) = 1 then for all j £ [1,"^], one has 

{at,Sa^{aj)) > -1. 

Proof. We have 

The preceding fact tells us that {a'^,aj) < 2 with equality only if Ox = aj. In case of equality 
we have {a'^,aj) = {a'^,ax) = 1 thus (a)^ , Sa^{aj)) = —1. 

If Ox / Oj, then proposition 12.111 tells us that {af^aj) > and we have {a'^,aj) < 1 thus 
{a'^,s^^{aj))>-l. □ 

3 The Bott-Samelson resolutions 

In this section we briefly describe the Bott-Samelson construction which give a resolution of 
any Schubert variety in G/B and in G/P for any parabolic subgroup P. We describe this 
construction as M. Demazure did in |Dej we refer to this article for more details. 

3.1 Construction 

Let (p £ W with = n. We recall in this paragraph M. Demazure's construction |Dej of a 
resolution of the dimension n Schubert variety X{(l)) = B(j)B/B C G/B associated to a reduced 
decomposition = s^j • ■ • s^^ with 7^ G S. 

Let wq be the longuest element of W and define the element w = WQ(f)^^WQ. The preceding 
reduced expression leads to the reduced expression 

If we choose any reduced expression 

with ji £ S and = l{wo), then wq = Sj(-Yi) • • • •Si(7^) is a reduced expression of wq. To keep 
the same notation with |Dej . let us note Pi = i{'yi), we have: 

Wo = Si3^ - ■ ■ SfBj^, w = sp^ - ■ ■ sp^ and wwo = sp^^^ ■ ■ ■ sp^. 

With the sequence (/9j)je[i,Af]! define the following sequence (ai)ie[i,Af] of roots by: 

"1 = a2 = S/3i(/?2), • • • , OtN = sp^--- Si3^_^[I3n)- 
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The are distincts and A"*" = {ai / i G [1, A^]}. Define Wi = £ W (we will also for simplicity 
of notations sometimes consider Wi as an element of G). We have 

If^i = Sft • • • S/J^-lSftSft.! • • • S/3i, W = Wi---Wn, Wo = Wi---WN and Wq^ (j) = WN-n+1 ■■■ Wn ■ 

We define a sequence (i?i)jg[o^Ar] of Borel subgroups containing T by induction: 

Bo = B and Sj+i = Wi+i{Bi). 

Denote by Pi the parabolic subgroup generated by -Bi_i and Bi we get a sequence of codimension 
one inclusions: 

BqCPiD BiC-- - D Bn-i CPn D Bn- 

Finaly we construct a sequence of varieties (Xj)jg[o^Ar] endowed with a right action of Bi by 
induction: 

Xo = Bo andXi+i =Xi 

where the second term is the contracted product of Xi and Pi over Bi (see |De) Par. 2.3.). The 
quotient Xi/Bi is well defined and we get a sequence of P^-bundles fi with canonical sections ai: 

Xo/Bq Xi/Bi ^ ■ ■ ■ ^ Xn-i/Bn-i Xn/Bn. 

The scheme Xi/Bi is the quotient of Pi x • • • x Pj by the right action of i?i x ••• x i?j given by 

(Pi, • • • • (^ir • • A) = {Pih, • • • , K-iPi^i)- 

The projection fi sends the class of (pi, • • • ,pi) to the class of (pi, • • • whereas the section 

(Tj sends the class of (pi, • • • to the class of (pi, • • • ,pi-i,Wi). 

The multiplication morphism Pi x • • • x P/v — > G factorises through X]\f — > G which is P/v 
equivariant and in particular P^v equivariant. We thus get a morphism 

Xn/Bn G/Bn = G/B 

which is birational and such that the restriction to ajsj ■ ■ ■ (Jn+i{Xn/ Bn) is birational on the 
Schubert variety Bw^^ (pB / B ~ X[cj)). This construction gives us the resolution 

TT : Xn/Bn ^ X(0). 

Let P be a parabolic subgroup containing P and let S W/Wp. We want to construct 
a resolution of the Schubert variety X{(/)) = BcpP/P C G/P . For this choose the smallest 
element in the class The morphism X(^) ^ ^(^) induced by the projection G/B — > G/P is 
birational. So the morphism 

TT : X„/P„, ^ X((A) 
is a resolution. We will denote by X{</)) the scheme Xn/Bn- 

Remark 3.1. — If we have (/9j^,/3j+i) = for some i, then the Boot-Samelson resolution 
associated to the sequence {(3k)ke[i,n] ^-^ the same as the Boot-Samelson resolution associated to 
the sequence (/3fc)fc6[i,„] where (3^ = (3k for k ^ {i,i + I], j3[ = /3j+i and = j3i. 
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3.2 Curves and divisors on the Bott-Samelson resolution 

In his paper |D_ej, M. Demazure studies some special cycles on the varieties Xn/Bn- Denote 
Zi = f^^ ■ ■ ■ /•"^^^(Im(cjj)). It is a divisor in Xn/B^. For any K C [1, N] denote by 

ZK=f]Z, 

which is a codimension \K\ subvariety of Xj^/Bj^j. The classes of the Zk form a basis of the 
Chow group of Xn/Bn (cf. De Par. 4. prop. 1). Remark that for any k € [1,^], we have 
^k/Bk = ^[fc+i,Ar]- We can in this way define subvarieties of X(0): 

• denote by Di = -Z'{i}u[.„_(_i^jv]. This is a divisor on X{(f)) and these divisors form a basis of 
the Picard group of X{(f)). 

• Define the curve Ci = Z[i jv]-{j}- These curves for i S [l,n] form a basis of Ai{X{4>)). 

Denote by the class of Zk in the Chow group of X^/B^. M. Demazure describes 
completely the Chow group of X^ /B^ in the following 

Theorem 3.2. — (Demazure |Dej Par. 4. prop. 1) The Chow group of X^ / Bj\} is generated 
over Z by the {S,i)ieli,N] with the relations: 

^i- |^^^(«J,«i>ejj =0 for aU ie[l,N]. 

With the above notation we have [Ci] = and we can use the previous theorem to prove 

Proposition 3.3. We have 



for i> j 

1 for i = 2 ■ 
fori<j 



Proof. The preceding theorem leads by an easy induction to 



Fact 3.4. 



We have the following formula in A{X]\f /Bj\f): 




1 



for i > j 
for i = j 



fc-i 



fc=l 



i=io<--<ik=j ^=0 



We prove the following lemma to conclude the proof: 
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Lemma 3.5. — For i < j, we have the following formula: 

k=l i=io< - <ik=j ^=0 



Proof. Let us first remark that the Pi can be constructed thanks to the ai in the fohowing 
way: 

Pi = ai, P2 = Sai{a2), Pn = Sai ■ ■ ■ Sajs,_i{aN)- 

Calculating 

Furthermore we can write 

j 

k=i 

with Xkj G Z not depending on i. On the one hand, we get by an easy induction the equality: 

3-i k-1 
k=l i=io<---<ik=j x=0 

On the other hand, we have 

j 

k=i 

and 

3 

~ {o^i J Sai^i ■ • • Saj_i{oij)'^ = — ^ ^ X k (oL^i , a^) 

k=i+l 

summing the two equalities we get 

concluding the proof of the lemma. □ 
The proposition follows from fact 13.41 and lemma 13.51 □ 

Remark 3.6. — The formulae of vrovosition W^ are still valid on X((j)). 

Let us introduce some notations (see also |Dej ). If A is a character of the Torus T let us 
denote by Lj(A) the associated line bundle on Xi/Bi (recall that T C Bi). Let us now denote by 
Ti the relative tangent sheaf of the P^-fibration /j : Xi/Bi — > Thanks to |Dej Par. 

2. Prop. 1. and an easy induction on i we get the 
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Fact 3.7. — Let us still denote Li{X) the correponding class in A* (Xi/Bi) then we have the 
formula: 



k=l 

Furthermore, M. Demazure remarks ([D^ Par. 2. remark following Prop. 1.) that we have 
Tj = Li(aj) so that we get the following 

Corollary 3.8. — Let us still denote Ti the correponding class in A* (Xi/Bi) then we have 
the formula: 



Ti = ^(a^,ai) -^fc. 



k=l 

Remark that the factor of in T,; is 2. We get the 

Corollary 3.9. — Let C be a curve on Xi/Bi. Suppose that for all k G we have 
[C] • Cfe ^ and (a^, Oi) > then for all k we have 

[C] • (Tfc - ^fc) > and in particular [C] • > 

where we still denote by the pull-back ofT}^ on Xi/B^. 

Finally if (f) is the smallest element in the class G W/Wp^ with w a minuscule weight, the 
results of the prop osition 12 . 1 1 1 gives us 

Corollary 3.10. — Let C be a curve on X{(j)) the resolution of X{(j)). Suppose that for all 
k £ [l,n] we have [C] • ^fc > then for all k we have 

[C] ■ (Tk — Cfc) ^0 and in particular [C] • > 

where we still denote by Tk the pul-back ofT^ on X((j)). 

Proposition 3.11. — We have 



for i > j 
{13^,(3,) ioTi<j 



Proof. Thanks to corollary the result is clear for i > j. Let i < j and let us use 
corollarv 13.81 and proposition 13.31 to get 

j i-i 

k=l k=i+l 

Lemma 3.12. — We have the formula 

k=i+l 
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Proof. Because the construction of in terms of (3i is symetric to the construction of /3j 
in terms of Oj the formula of lemma 031 is valid when we exchange the roles of the and of the 
j3i so we get for k < j: 

u=l k=io<---<iu=j 2:=0 

We thus obtain 

k=i+l k=i+lu=l k=io<---<iu=j 2;=0 

If we set i_i = i we get 

j—i i— 1 « u—i 

fc=j+l «=1 A;=i+1 i=i-i<k=io< --<iu=j x= — l 

u=l i=i-i<io<---<iu=j x=—l 

j—i u 



E(-ir^ E n(A^'A...; 

u=2 i=io<---<iu=j x=0 



=-</?r,/5.)+E(-i)"^' E n<A''/3-.o- 

M=l j=io< ..<j„=j a;=0 

This lemma with the preceding formula ends the proof. □ 



4 Some more curves on X{(j)) 
4.1 Effective and contracted curves 

In this paragraph, we study some more curves on X((f)). In particular those who are contracted 
by the projection vr : X(i^) — > X(i^). 

Let us look at the restriction of vr on the curve Cj. M. Demazure QDej Par. 3 Theorem 1) 
proves that the curve is contracted if and only if l{wi ■ ■ ■ Wj-iWjj^i ■ ■ ■ Wn) > n. But a simple 
calculation gives 

Wl--- Wj-lWj + i ■■■Wn = sp^w 

so the curve is not contracted in G/B if and only if [{sj^.w) = l{w) — 1 in and is not 
contracted in G/P if this equality is true for the minimal representatives in W of s^Jw and 
id in W/Wp. This means that there exists a minimal reduced expression of w beginning with 
Sf^.. But for any reduced expression ?D = s^,^ • • • s^^ we have seen in corollary 12 . 1 41 that we must 
have Pn = P (where (3 is the unique simple root such that = 1). This would imply 
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that (3j = (5 = [in- In the other cases the curve Cj is contracted (in general i.e. when w is not 
minuscule and even not fundamental, the curve Cj is contracted if and only if i{'uj)) > 0). 

Let us consider the case (3j = (3 = fin- Define n{j) the smallest integer k such that k > j 
and /3fc = (3j. In this case the curves Cj, C^^j) and Cn are not contracted. The morphism vr 
induces an isomorphism (because these curves are P^) onto their images which are respectively 
the Schubert varieties associated to S/j^. , S/3„(j) and S/3„ (see |Dej ) . We see that they have the 
same image. 

Let t be a point in the commun image of the curve Cj and Cn(jy The antecedent of the 
point t in Cj (resp. Cn(j)) is the image in X(0) of a n-uple {wi, • • • , Wj-i,x{t), Wj+i, • ■ ■ , Wn) G 
Pi X • • • X P„ (resp. (ifi, • • • , Wn(j)-i,y{t),Wn(j)+i, • • • , Wn))- We thus have the equation 

Wi--- Wj-i ■ x{t) ■ Wj+i ■■■Wn = Wi--- Wn(j)-1 ■ y{t) ■ Wn(i)+1 ' ' ' Wn- 

If we consider the curve Cj parametrized by t defined by the images of 

[wi,--- ,Wj-i,Wj'^x(t),Wj+i,--- ,Wn(j)-l,Wn(j)y{t)~'^,Wn(j)+l, - ■ ■ ,Wn) 

in X^cp) we see that its image by vr is wi • • • Wj^iWj+i ■ ■ ■ Wn(j)-iWn(j)+i ■ • • Wn-i a constant. The 
curve Cj is contracted by tt. 

Lemma 4.1. — We have [Cj] = [Cj] - [Cn{j)]- 

Proof. The projection of Cj and Cj on Xn[j)-i/ Bn{^j-^-i are the same. This implies that 
[Cj] — [Cj] = a[Cn{j)] with a G Z. Apply vr* to this equation to get vr^,[Cj] — vr^,[Cj] = a7r^,[C„(j)]. 
But we have 7r*[Cj] = T^*[Cn[j)] and vr*[Cj] = thus a = 1. □ 

Proposition 4.2. — The classes [Cj] generate Ai{X {(p)) overly. Furthermore they generate 
the cone of effective curves i.e. they generate the extremal rays. 

Proof. The first assertion is trivial because the classes [Cj] generate Ai{X{(j))) over Z. 

For the second, we proceed by induction on j: we prove that the classes [C^] for k < j 
generated the effective cone of Xj/Bj (by abuse of notation we still denote by [Ck] the image of 
the class [Ck] in Xj/Bj). It is true for j = 1 assume it is true for j — 1 and let 

[C]=Y,ak[Ck] 

k=l 

the class of an effective curve. By projection on Xj^i/Bj^i we obtain the class 

k=l 

which has to be effective so by induction we have > for k < j. Now by projection on C/B 
we get 

i-i 

k=l 
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The class [Cj] is not contracted. The only classes [Ck\ that are not contracted by vr are such 
that [Cfc] = [Cfc] and l{sp^w) = l{w) — 1. The image is then the Schubert variety associated to 
The first condition implies that for these not contracted curves, all the Pk are distinct. But 
the associated Schubert varieties are independent in Ai{G/B) and because the image is effective 
we have > for all those k and in particular Uj >0. □ 

4.2 Curves on contracted divisors 

Let X S ['^,n] such that the divisor is contracted by tt. We are going to construct special 
curves on (recall that [Dx] = £,x)- 

Lemma 4.3. — There exists i e [l,n] such that [Ci] ■ = -1- 
Proof. Recall that we have f proposition 13. 3j) 



[Q] ■ Cx 



for i > X 

1 for i = X 
fori<x 



We have to choose i < x and for such an i, as the group is simply laced we have [Ci] ■ = — 1, 
or 2. If for alH < a; this intersection is zero then for all i < x the symetry s^. commutes with s^^ 
so that the reduced expression w = sp^ ' " can be written w = sp^ ■ ■ ■ s p^^^^s ■ ■ ■ sp^sp^. 
We have a reduced expression 

meaning that the image of Dx in X{<f)) is a moving divisor. This is impossible because Dx is 
contracted. Let i be the biggest i < x such that [Ci] • 7^ 0. If the intersection is 2 this means 
that j3i = (3x- But because for all /c G [i + l,x — 1], we have {P'^,(3x) = 0, we see that sp^ 
commutes with all S/j^, with A; € [i + 1, x — 1]. We have: 

(f) = S-y^ ■ ■ ■ S^._-^S^.S^.^-^ ■ ■ ■ S7a;_l'S7^S^^^j^ • • • S-y^ = S^j^ • • • S.y-_-^^S.y-S^^S-y.^-^ ' ' ' _ j S-y^_,_ j " ' ' S.y^ 

= S^-^ • ■ ■ S^^_-^^S^^_^-^ ■ • • S-y^_-^^S-y^_^-^ ■ • • S-y^ 
that is to say the expression <f> — s-y-^ • ■ ■ s^y^ was not reduced, a contradiction. D 

Remark 4.4. — In particular there exists an i ^ [1)^^-] such that {a( ,ax) = 1 (choose the i of 
the preceding proof and we have {a( ,ax) = — {P"^ , Px) = Ij- 



Let i G and let us define the following classes of curves: 

n 

[Ci] = [C,]+ {alak)[Ck]. 

k=i+l 
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Lemma 4.5. — We have the formulae 

[Ci] ■ S,j = Sij and [Ci] ■ Tj 



for i > j 

{al ,aj) for i < j 



Proof. We use proposition 13.31 and lemma IXT^ to get 

\ k=i+i / 




1 



for i > j 
for i = j 



fc=i+l 

for i > j 

1 for i = j 
{Pi ^Pj) - {Pi ^Pj) - {o^'i . ) + ("i' . «i ) for I < j 

proving the first formula. For the second one we use proposition 13. Ill and lemma 11^.121 to get 

[a] ■ T, = ( [Q] + {alak) [CkU ■ T, 
\ k=i+i J 







for i > j 



{P^,Pj)+ {at,au){Pl,Pj) ioTi<j 

k=i+l 

for i > j 

1 for i = j 

{P^,P,) - - {al aj) + 2 {a^aj) for i < j 



concuding the proof. 



□ 



Now let i G [l,n] such that {a^,ax) = 1 (there exists such an i thanks to remark [4. 4 j) . We 
define the class: 

= [Q] - {a^,ax) [C.] = [Ci] - [Cx] 

and prove the following: 

Proposition 4.6. — We have: 

(i) [Tx^i] • = — 1 so all curves C G \^x,i\ are contained in D^. 

(ii) The scheme Hom[p__, (P-*^, is irreducible and smooth (in particular non empty). 
(m) The open part — {Dx n Dk) of the divisor is covered by curves C E [P^.i]- 

(iv) All curves C € \^x,i\ o.re contracted by vr. 
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Proof, (i) This is a simple application of lemma 

(ii) Recall that X{cj)) is a sequence of P^-bundles. We proceed by induction on the Xj/Bj 
(by abuse of notation, we still denote by [r^^j] the push- forward of [Tx,i] in Ai{Xj/Bj)). Let us 
denote hy ip : X ^ Y the morphism fj : Xj/Bj Xj^i/Bj^i and by T the relative tangent 
sheaf. We have a section a = aj of and we denote by ^ = the divisor image of the section. 
We have: 

for j < i 

[Tx,i] - (a/, Oj) • [Cj] ioi i<j <x 
[^x,i] for j = X 

. [^x,i] - {ai, {oj)) ■ [Cj] for j > x 
Proposition \'A.'A\ and lemma give us 



1 



for j = i 
for j = X 
otherwise 



and 



[r.,*] ■T={ 



{at,aj) 



{a 



I 1 ■'Cfa 



1/ 
(«,)) 







for j < i 
for i < j < X ■ 
for j > X 



for J < i 
for i < j < X 
for j > X 



Let us denote by [F] the class of [Paj^j] in X = Xj/Bj and let / € Horriip^ jp] (P-^ , y). We want to 
study the fiber over / of the morphism 



Homrri(P\X) Horn 



v.[r]( 



that is to say the morphisms /' E Hom[p](P^, X) such that f = ip o f . We look for a section of 
the P^-bundle if pulled-back by /. Let E be the rank two vector bundle defining the P^-bundle. 
We can choose E such that f*E = Op C'p(a) with a > 0. 

The section foa is given by a surjection f*E —i- Op{z) with 2z — a = cr=KV3*[P] A morphism 
/' is simply given by a surjection f*E — > 0^{y) such that y + z — a = [P] • ^ and 2y — a = [P] • T. 

Remark 4.7. — T/ie section foa always exists. We must thus have z = or z > a. This 
implies that 

• if a^ip^ [P] ■ ^ = then a = z = ; 

• if (T*(/9*[P] • < then z = and a = —a^:ip^[T] ■ ^ ; 

• if a^,ip^,[T] • ^ > then {a^ ,Sa^{aj)) = — cr*(/9*[P] • ^ < and in fact {a^ ,Sa^{aj)) = — 1 
fcorollaru \2.iy\) . In this case we have 2z — a = 1 and this implies z = a = 1. 

The section f will exist if there exists an integer y such that y = or y > a. In the case 
j = i, we have z = a = Q,y = \ and f exists. In the case j = x we have y = z = 0, a = 1 and 
f exists. In the other cases we always have y + z — a = 0. This implies that 
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• i/(7*(^*[r] • ^ = then y = ; 

• if a^ip^[T] ■ ^ < then y = a ; 

• i/(T*(^*[r] • > then y = 0. 

In conclusion there always exists a section f of f with the required invariants. 

We will use the following proposition (see |Plj Prop. 4): 

Proposition 4.8. — Let ip : X ^ Y a -bundle with relative tangent sheaf T and let 
[T] e Ai{X) such that [P] • T > 0, then Hom[p](P\X) is an open subset of a projective bundle 
over Hom^^[P](P-'^,y). In particular, if ilom^^^Y'^{F^ ,Y) is irreducible, the same is true for 
Homp] (P-*^, X) as soon as it is non empty. 

This proposition with be usefull for the fibration fj if we have [P^.j] • Tj > 0. The only 
cases where the previous proposition does not apply is when {<x^ , Sa^{aj)) < and in fact 
{a^ , Sa^{aj)) = —1 flemma l2.19|) . There are two distinct cases where this may occur. If j = x 
then [T^^i] ■ = -1 and [T^^i] ■ Tj = -1. If j > x and (a^^, (oj)) = -1 then [T^^i] ■ £,j = and 
[P,,,] -T,- = -1. 

The first case j = x is treated thanks to the 

Lemma 4.9. — Let ip : X a ¥^-bundle with relative tangent sheaf T and with a section 

a. Denote ^ the divisor cr(Y) and let [P] € Ai{X) such that [P] • ^ = —1, [P] • T = —1 and 
a^ip^[T] ■ £^ = —1. Suppose that Hom^^[p] (P-*^, y) is normal then we have 

Hom[r] (P\ X) ~ Hom^. (P^ , Y) . 

Proof. Let / G Hom^^ [pj (P^ , y ) , we have to prove (by Zariski Main theorem) that there 
is exactly one morphism /' E Homjp] (P-*^, X) such that f = tpo f. But with the above notation 
and thanks to remark [4. 71 we have y = z = and a = 1. The morphism /' has to be o" o /. □ 

The second case j > x is treated thanks to the 

Lemma 4.10. — Let : X ^ Y a -bundle with relative tangent sheaf T and with a section 
a. Denote ^ the divisor cr{Y) and let [P] G Ai{X) such that [P] • C = 0; [-1^] ' ^ = ~^ 
(7,t(^*[P] • = 1. Suppose that Hom^^[p](P^, y) is normal then we have 

Hom[p](P\X) ~ Hom^,[p](P\y). 

Proof. Let / G Hom^^ [pj (P^ , y ) , we have to prove (by Zariski Main theorem) that there 
is exactly one morphism /' G Homjp] {F^,X) such that f = ipo f. But with the above notation 
and thanks to remark 1X71 we have y = and z = a = 1. The morphism /' is given by the unique 
self-negative section of Ppi (/*£'). □ 
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(ill) Let us note that thanks to remark 14.71 lemma 14.91 and lemma I4.1fll there are curves 
C € [r^.^^] such that C is not contained in any intersection H Dj (we always have C C D^) 
and thus always meet the open part — |^ {Dx n Dk) of the divisor Dx- 

But the orbit of the unipotent part U oi B acting on Dx is exactly Dx — \^ {Dx fl -Dfc). Trans- 

lating C thanks to the action of U we see that the curves C G [r^,*] cover Dx - {JiDxCiDk). 

k^x 

(iv) We have seen that all the curves [C^] are contracted by vr except [C^]. We just have to 
prove that the coefficient a„ of [C„] in [r^.^^] is zero. Let us set 

n n 

k=i+l, I3k=f3 k=x+l, (}h=l3 

We have 

A if A ^ /? and ^ /? 

A + l a Pi = (3 and px ^ P 

A- I a Pi ^ P and px = P ' 

A ii Pi = P and Px = P 

We now apply corollarv 12.171 to see that a„ = in all cases. □ 

Remark 4.11. — If the fiber of the projection vr : Dx t^{Dx) is a curve then its class has to 
he [r^^^j] . In general, the generic fiber is covered by curves in the class [Tx^i] ■ For more details 
on the fiber of the Bott-Samelson resolution see |Gaj . 



5 The scheme of morhisms for X{(j)) 
5.1 Irreducibility 

We will prove in this paragraph that for some classes a E Ai{X{(j))) the scheme of morphisms 
HomQ,(P^, X(^)) is irreducible and smooth. We will essentially need proposition 14.81 fsee |P1| 
Prop. 4). 

Let us now consider a class a € Ai(X{(j))) such that a • > for all i G [^,n]. Thanks to 
corollarv 13 . 1 01 we know that a • Tj > and a ■ {Ti — S,i) > 0. 

Proposition 5.1. — (i) The scheme of morphisms tloma{F^ , X ((j))) is irreducible and 
smooth of dimension 

[ ci(^xw)+dim(X(0)). 

(u) // the class a is such that a ■ S^x = for all x G [1,^] with Dx a contracted divisor, then 
a general element f G HomQ(P^, X((^)) is contained in the regular locus ofn. 

Proof, (i) We proceed by induction, for the first step, we have to study the scheme of 
morphisms from to P^. This scheme is irreducible and smooth. We go by induction thanks 



20 



to proposition 14.81 We only have to prove that the scheme is non empty. However with the 
notations of the preceding paragraph for P^-fibrations, we have f*E = Op © C'p(a) with section 
a given by a surjection f*E — > Op{z) and we look for a section f*E — > Op{y). Because of the 
relations a • Tj > and a • (Tj — ^j) > we see that y > z and y > a — z. This implies that y > a 
proving the existence of a surjection f*E — > Op(y). 

(ii) Let / a general element. Thanks to the discussion above, we may assume that this element 
will meet the non contracted divisors Di in distinct points and will not meet the contracted 
divisors. In particular / will never meet intersections Di ODj with i ^ j. In particular, the only 
S-orbits of the Bott-Samelson resolution that / will meet are the dense orbit and the orbits 
dense in Di for a non contracted divisor. These orbits are contained in the regular locus so this 
in particular proves that / is contained in the regular locus. □ 

5.2 Smoothing curves on X{(j)) 
Let a € Ai{X((f))) as above. 

Lemma 5.2. — There exists f € iionia{F^ , X ((p)) such that /(P^) in not contained in any 
Di and does not meet any intersection Di H Dj . 

Proof. Because the scheme HomQ,(P^, X(0)) is irreducible, if it exists, a general morphism 
will have the required property. 

Let i < j, we construct this curve / by induction on the P^-fibrations. For all fibrations 
except for the fibrations fi and fj, we take any section. 

For the fibration fi we have by induction a morphism : P^ and with the 

notations of the proof of the previous proposition: a rank 2 vector bundle /f_i-E' = Op © Op{a) 
with a > ; a surjection fi_iE Op{z) (corresponding to the divisor Di) and we look for a 
surjection f*_^E Ol{y). With our hypothesis on a we have y > z and y > a — z (cf. proof of 
the preceding proposition) so there always exists a section and we can choose it such that the 
image is not contained in Di (because y > a — z). 

For the fibration fj we have by induction a morphism : P^ — > Xj^i/ Bj^i and with the 
notations of the proof of the previous proposition: a rank 2 vector bundle fj^iE = Op © Op{a) 
with a > ; a surjection fj-iE — > Op{z) (corresponding to the divisor Dj) and we look for a 
surjection fj-iE — > Op{y). We know that /j_i(P-'^) is not contained in Di. There are a finite 
number of points in P^, say xi, • • • ,Xk such that fj-i{xi) G Di. With our hypothesis on a we 
have y > z and y > a — z (cf. proof of the preceding proposition) so there always exists a 
section and we can choose it such that the composition Op{a — z) — > f*E — > Op{y) is non zero 
for xi, • • • , Xfc. Then the new curve does not meet Di n Dj. 

Because the condition is open we can find a curve for which it is true for all i and j. □ 

Corollary 5.3. — Let a £ Ai{X{cj))) suck that a ■ > for all k E [l,n] and a ■ > 
for some x £ [l,''^]- Then there exists f E iionia{F^ , X {(p)) such that f{F^) meets D^ in 
D.- []{D^r\Dk). 
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Proof. Let / as in the preceding lemma. We know that /(P^) is not contained in Dx 
but has to meet Dx (because of the intersection number). The curve /(P^) does not meet any 
intersection Di Dj, in particular it does not meet the intersection Dx D^ for all k. □ 

Let us now suppose that dim(X(0)) > 3. When dim(X(0)) < 2 then X{(j)) is P^ or P^ for 
which the scheme of morphisms is well known. Let Dx be a contracted divisor, a £ yli(X((^)) 
and / G HomQ(P^, X((^)) as in the preceding corollary. There exists xq G P^ such that 

7(xo) (^Dx-[_} [Dx n Dk) 

and thanks to proposition 14.61 for any integer i < x with {a^,ax) = 1 there exists a curve 
C € [Tx,i] such that /(xq) € C. 

Proposition 5.4. — Then there exists a deformation f of f in Homa(P^, X(<^)) and an 
integer i with {a( ,ax) = 1 such that /'(P^) and C meet exactly in /(xq) and transversaly. 

Proof. Let us first assume that x < n. 

Lemma 5.5. — There exists j > x such that {a^,aj) = 1. 

Proof. It is enough to prove that there exists j > x such that (/3^,/3j) ^ 0. Indeed taking 
the smallest such j we must have {f]^ , Pj) = — 1 because otherwise we would have {f3x , (3j) = 2 
that is to say Px = Pj- But for A; G [x + 1, j — 1] we have /3fe) = so in this case we have 

= •Si(/3i) • • • Si(^^_,)Si(^^)Si(^^,)Si(/3^+,) • • • Si(/3^_i)Si(/3^.+i) • ' ' 

that is to say the expression cj) = Si(/3^) • • • Si(/3„) was not reduced, a contradiction. Thus we have 
{Px, (3j) = —1. For such a j we have = for A; S [x + 1, j — 1] and thus 

{a^,aj) = - {Px,Pj) = 1- 
We have to prove that there exists j > x such that {Px, Pj) 7^ 0. If not we would have: 

and we would have Px = Pn fremark l2.14() thus {Px,Pn) = 2 7^ a contradiction. □ 

In the case x < n let j be as in the lemma and consider the line bundles Tx and Tj. We have 
the formula (corollarv I3.8jl : 

i 

k=l 
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But {a^,ai) > for all i and k (proposition 12 . 1 ij) and a-^fe > for all k by assumption, therefore 

a-Tx> (a^, a^,.) a ■ = '^a ■ £,x > and a ■ Tj > {a^^,aj) a ■ = a ■ > ^■ 

We construct the required /' by induction on the fibrations. Let us denote by 5 : ^ 
the morphism whose image is C (cf. proposition I4.6j) and define P = /(xq) and the image 
of P in Let us denote by (resp. Qk) the morphism from to X^/Bj. induced by / 

(resp. by g). We construct /' by induction on the P^-fibration beginning with fx-i- 

Lemma 5.6. — Let ip X a '^'^ -bundle and a £ Ai{X) such that a - T > (T is the 

relative tangent sheaf). Let f G Homa(P^,X) and g : X such that there exists xq € P^ 

with /(xo) = gixo) and such that the images of ip o f and ip o g are distinct. 

Then there exists a deformation f of f meeting g exactly in /(xq) and transversaly. 

Proof. Because the images are disctinct the curves p o f{F^) and ip o ^(P^) meet eachother 
in a finite number of points, say xq and xi, • • • ,Xfc. Let E a rank 2 vector bundle defining the 
fibration, we can choose E such that (99 o f)*E = Op © Op{a) with a > 0. The morphism / is 
given by a surjection s : {p o f)*E Op{y) with a-T = 2y — a>0 (this implies y > 0). A 
general surjection s' : {ip o f)*E —>■ Op{y) will give a deformation of /. Because y > 0, we can 
take such a surjection such that s'(xj) 7^ s{xi) for i € [1, k], s'(xo) = s(xo) but are not equal at 
order 2 in xq- This gives us a morphism /' whose image meets the image of g only in /(xq) and 
transversaly. □ 

If fx-i{f^) 7^ 5x--i(P^) then thanks to the lemma we can construct fx a deformation of fx 
meeting gx only in Px. Taking by induction any section of fx passing trough the points Pk for 
k > X (this is possible because a • > for all k) we get the required deformation. 

On the contrary if fx-i{F^) = gx'-i(P^) we use the following 

Lemma 5.7. — Let ip X ^ Y a -bundle and a £ Ai{X) such that a - T > (T is the 
relative tangent sheaf). Let f € HomQ,(P-'^, X) and xq € P^. 

There exists a deformation f of f such that f and f have distinct images still meeting in 
fixo). 

Proof. Let E a rank 2 vector bundle defining the fibration, we can choose E such that 
{ip o f)*E = Op © Op{a) with a > 0. The morphism / is given by a surjection s : {p o f)*E —>■ 
Op{y) with a-T = 2y — a>0 (this implies y > 0). A general surjection s' : (99 o f)*E Op{y) 
will give a deformation of /. Because y > 0, we can take such a surjection such that s' ^ s and 
s'(xo) = s(xo). This gives us the deformation /'. □ 

If fx = Qx then, thanks to the lemma we can construct a deformation of fx meeting gx 
in Px and a finite number of points. If fx 7^ gx we can take fx = fx- Taking by induction any 
section of fx passing trough the points for x < A; < j (this is possible because a • > for 
all k) we get a deformation fj^i of fj-i meeting gj-i in Pj-i and a finite number of points. 
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Because we have a -Tj > we can use lemma 15.61 to contruct a deformation /j of fj meeting gj 
exactly in Pj and transversaly. Taking by induction any section of /j passing trough the points 
Pk for k > j (this is possible because a ■ >0 for all k) we get the required deformation. 

The only case left is the case x = n. In this case, because n > 3, we can consider and 
(3n-2- Let us prove that (a^_2,a„) = (a^_i,a„) = 1. For (a^_i,a„) = = 1 it 

is just corollarv 12.151 For (a^_2>CKn) we can apply corollarv 12.151 and it will be true except if 
Pn-2 = Pn = (3- But in this case we have 

This is impossible and we must have {|a^_2,an) = (o^n-ijC^n) = 1- This in particular implies 
that there are at least two i < x = n such that (a^, ax) = 1, namely i = n — 1 and i = n — 2. 

Let us now consider the morphism fn-i '■ —>■ -^^n-i/^n-i induced by / and two morphisms 
5 : Pi ^ X{4>) and h : ^ X{^) such that g^[¥^] = [r„,„_i] and /i^P^] = [r„,„_2]- Because 
the classes [r„^„_i] and [r„^„_2] are disctinct, the morphism /n~i has to be distinct from one 
of the morphisms Qn-i '■ IP^ — > Xn-i/ Bn-i and hn-i '■ P^ Xn-i/ Bn-i deduced from g and h. 
Let us say that /n-i 7^ Qn-i then applying lemma EH we get a deformation /' of / meeting g 
only in /(xq) and transversaly. □ 

Proposition 5.8. — Let C and f as in the preceding proposition, the curve f'{F^) UC can 
be smoothed. The smoothing is the image of a morphism / : P^ — > X{(j)) and we have 

[/(pi)] • e,. = [/'(pi)] • - 1 = [7(p')] • - L 

Proof. We will use the following proposition proved in |HHj corollary 1.2. for P^ but valid 
for any smooth variety X: 

Proposition 5.9. — Let D be a nodal curve in a smooth variety X and assume that 
H^{Tx\d) = then there exists a smooth deformation of D. 

In order to prove the proposition it suffices to prove that H^{Tx\d) = where X = X{(f>) 
and D = /'(P^) U C (which is a nodal curve). Let P be the intersection point, we have the 
exacte sequence 

^ Oj,(pi)(-P) ^Od^Oc^O 

and it is enough to prove that H^(Tx\c) = and H^iTxlp^pi-^i—P)) = 0. 

One more time we do it by induction on the fibrations. Denote by : P^ — > X^/Bk the mor- 
phism induced by /' and the image of C in Xf^/B^. We assume that H^{Tx._-^/Bj_i |Cj_i ) = 
and H^{Tx^_^/Bj^i\f_^(^i){-P)) = 0. We are going to prove that H^{Tx^/Bj\Cj) = and 
^'(rx,/B,lj-,(pi)(-^)) =0. 

We have an exacte sequence 
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so it suffices to prove that H^{Tj\cj) = and {Tj\j,^^-^^{—P)) = 0. But we have seen in 
the proof of proposition 14.61 that [Tx^i] ■ Tj > —1 thus the restriction of Tj on Cj is 0^{u) with 
u > —1 and we have the first vanishing. In the same way, we have a-Tj > thus the restriction 
of Tj on /j(P^) is Ol{v) with v>0 and we have the second vanishing. □ 

6 Curves on minuscule Schubert varieties 

In this paragraph, we prove our main theorem on the irreducible components of the scheme of 
morphisms from to X{(j)) a minuscule Schubert variety. 

6.1 Moving out Schubert subvarieties 

We begin to prove that a general curve in X{(f)) is not contained in a Schubert subvariety: 

Proposition 6.1. — Consider a morphism f : X{(p) such that f factors through a 

Schubert variety X{(j)') C ^((^) (with (f)' < (p) then there exists a deformation f ■.F'^ Xijcf)) of 
f such that f does not factor trought X((j)'). 

Proof. Restricting ourselves to a smaller Schubert variety, we may assume that the Schubert 
variety X{(f>') is a Schubert divisor X(s/3(/>) of But (theorem 12. 8|) this divisor has to be a 

moving divisor so /3 is simple and f proposition 12. 7|) there exists a reduced expression 

(f> = S.y-^ ■ ■ ■ S^^ 

of (j) where 71 = /3 and cf)' = sp(j). Consider the Bott-Samelson resolution X{(f)'). If we denote with 
a prime the corresponding elements in the Bott-Samelson construction we have -Bj+i = 
= s,^p){Pi) thus X{4>') = X'r^-llK^X = S^(/3)(/n ' " " ' /a" Vi (Xo/i?o)) • 
This shows that we can identify X with the subscheme /"^ • • • f^^aiiXo/ Bo)) of 
which is a fiber of the projection of X{(j)) on Xi/Bi. We have the commutative diagram: 

— -^(^) 

Xi^')^ 

The unipotent group f/_j(/3) acts equivariantly on the second vertical map and moves the first 
one. We may assume by induction that / does not factor through any Schubert subvariety of 
X{(j)') so we can find a section g : ^ ^(<A') C X{(l)) of /. We can deform g in X^cp) thanks 
to the action of U^i(^p'^ and we obtain a morphism g : F^ ^ X{(f)) not contained in X{cj)'). 
Projecting on X{(j)) gives a deformation /' of / not contained in X{(j)'). □ 

Corollary 6.2. — For any morphism f : F^ X{(j)) there exists a deformation f of f 
such that f does not factor trought any X{il)) C X[(f)) (with ijj < (j)). 
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Proof. Remark that if / does not factor through a subvariety of X{(j)) then it is also the 
case of any deformation. As there is a finite number of Schubert varieties contained in X{<j)), 
we apply the preceding proposition for each subvariety containing the image of /. □ 

Let vr : X{(j)) X{(f)) a Bott-Samelson resolution. The preceding result implies that for any 
morphism / : ^ X{(f)) there exist a deformation /' : P-*^ — > Xijcf)) of / (the deformation of 
the previous corollary) such that /'(P^) meets the regular locus of tt. We can thus consider a 
section / of /': 




x{4>). 

Remark 6.3. — The image /(P"*^) is not contained in any divisor Di on X{cj)). In fact, if it was 
the case it would means that /'(P^) is contained in 'n{Di) which is a strict Schubert subvariety 
of X{(j)). This is impossible. 

Corollary 6.4. — The morphism f constructed from f thanks to corollary is such that 

[/(P^)] ■Ci>0 for all i G [l,n]. 

Proposition 6.5. — For any morphism / : P^ — 5- X{(j)) there exist a deformation f of f 
such that f does not meet the image it{Dx) of any contracted divisor D^. 

Proof. We can replace / by the deformation /' of corollarv 16.21 We can thus assume that 
/(P"*^) is not contained in any 7r(Z)j) for i € [l,n]. We then have a section / : P^ — s- X{(f)) of 
/. Let us denote a = /*[(P^)], we have a • > for all i. Define the subset A C€ of all 
intergers k such that is a contracted divisor and set 

keA 

We prove the result by induction on l{a). If l{a) = then / does not meet any contracted 
divisor so / does not meet the image vr(Z)^) of any contracted divisor D^. Let x be the smallest 
element in A such that there exists a morphism g : ^ X{(j)) not contained in any Schubert 
subvariety with a section : P^ — > X{(j)) such that /3 = 5=k[(P"'^)] with = l{a), (3 ■ > 
and for which we have not constructed the required deformation yet. Thanks to propositions 
15.41 and 15.81 for such a g and g a section in X{(j)) there exists a deformation g' of g, an integer 
i < X with {a^ ,ax) = 1 and a curve C G [^x,i\ such that g'(P^) U C can be smoothed in ^(P"*^). 
The morphism nog deforms to g and we have /3 = 5*[P^] = /3 + [P^,*]- We thus have 



/? • a- + 1 for k = i 
/3 • ^fc — 1 for = X 
(3 ■ otherwise 
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i £ A then because of our minimality assumption on x we know that there exists a required 
deformation for nog and we can conclude because g is a deformation of this deformation. If on 
the contrary i ^ A then we have 

m = Y.(3-Ck = m-i = Ka)-i 

k&A 

and by induction there exists a required deformation for vr o ^ and we can conclude as above. □ 

Corollary 6.6. — There exists a dense open subset o/ Hom(P-'^, X(0)) whose elements do 
not meet the image tt{Dx) of any contracted divisor and are not contained in any ^{Dk) for 
k G [l,n]. 

Theorem 6.7. — Let a e Ai{X{(j))), the irreducible components of Homaif^ , X {(/))) are 
indexed by ne(a). 

Proof. We have a surjective morphism tt^ : Ai{X{(l))) Ai{X{(/))) and a natural morphism 

]J Horns (P\X(,^)) ^ Hom„(P\X(0)). 

7r« (5)=a 

Let us prove that the irreducible components of HomQ(P^, X((^)) are indexed by the set C{a) 
of classes a G Ai(X{(j))) such that 7r^,(a) = a, 5 • .^fc > for all k E [1, n] and 5 • = for all x 
such that Dx is a contracted divisor. 

Because of corollary we know that a general morphism / G Horrid (P^, X((^)) can be 
lifted into / G Hom5(P^, X((^)) such that a G C{a). We thus have a dominant morphism 

5eC{a) 

Let 5 G C(a) and / a general element in Honiai^^ , X ((p)) (this scheme is irreducible thanks 
to prop osition 15 . 1 1) . We know (corollarv 16.61 and proposition 15.11) that its image is contained is 
the regular locus of vr. If the morphism vr o / was in the image of iioui^/ {F^ , X {(f))) then we 
would have a morphism /' of class a' such that vr o /' = vr o /. But because these curves are 
contained in the regular locus of vr this implies that f = f and 5' = 5. The images of the 
Hom5(P^, X(<^)) for 5 G C{a) are the irreducible components of Homa(P^, X(<^)). 

To conclude the proof we have to show that C(q) = ne(a). We begin with the following 

Lemma 6.8. — The kernel K of the map tt^, : — > yl„_i(X(0)) is generated by 
the classes of the contracted divisors D^. 

Proof. M. Demazure proved in |Dej that the morphism vr is an isomorphism on the big cell 
of the Schubert variety X{(j)). This in particular implies that the locus D in X{(f)) where vr is 
not an isomorphism is contained in |J. Di. Moreover if the divisor Di is not contracted the open 
part Di — {Jj^,i{Di D Dj) is not contained in D so that the codimension one part (in X((j))) of 
D is the union of the contracted divisors Dx- 
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Let us denote by U the open part in X{(j)) where vr is an isomorphism and U its image in 
X{(p). On the one hand, the kernel of the surjective map An-i{X {(p)) is generated 

by the contracted divisors Dx- On the other hand, we have An-i{U) = An-i{U) and because 
the complementary of U in is in codimension at least 2 (it is the image of D with fibers of 

dimension at least 1 because Schubert varieties are normal), we have An-i{U) = j4„_i(X(0)).n 

As is smooth and projective we can identify with Ai{X{(j))) and vr* gives 

us a morphism An^i{X {(j)))'^ — > j4i(X(^)). The lemma leads to the following diagram whose 
first line is exact: 

An-l{X{^)r An-l{Xi^)r . 

Now we can translate the definition of C{a) in terms of An^i{X{(j)))'^ . Indeed, because of the 
wanishing condition on contracted divisor, all the elements of C{a) are in An-i{X {(p))'^ and go 
on a by s. What is left to prove is the following 

Lemma 6.9. — An element a € An-i{X{(j)))'^ seen as an element in Ai{X{(j))) is effective if 
and only if a ■ > for all i € [1, n] . 

Proof. We have seen pr op osition 15 . II t hat if all the intersection a ■ are non negative then 
the class is effective. 

Let a G ^„_i(X(i^))^ an effective class. Because a is in An-i{X{(f))Y we know that its 
intersection with all contracted are 0. Let Di a not contracted divisor, then its image in 
X{^) is a moving divisor (theorem 12.8(1 . Let C a curve of class 5, if C is not contained in Di 
then C • > 0. If C is contained in Di then as in the proof of proposition 16. II we can deform 
this curve in the class 5 so that it is not contained in Di and we have C • > 0. □ 

This proves that C{a) = ne(a) and the theorem follows. Indeed, ne(a) is given (cf. paragraph 
^ by the elements (3 G Pic([/)^ in the dual of the cone of effective divisors {U is the dense orbit 
under Stab(X(0))). But Pic({7) = An-i(U) = An-i{X{4>)) and the effective cone is generated 
by the 7r*,^j with Di not contracted. □ 
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